A paradigm shift is underway in which the classical materials selection approach in engineering design is being replaced by the design of material structure and processing paths on a hierarchy of length scales for multifunctional performance requirements. In this paper, the focus is on designing mesoscopic material topology-the spatial arrangement of solid phases and voids on length scales larger than microstructures but smaller than the characteristic dimensions of an overall product. A robust topology design method is presented for designing materials on mesoscopic scales by topologically and parametrically tailoring them to achieve properties that are superior to those of standard or heuristic designs, customized for large-scale applications, and less sensitive to imperfections in the material. Imperfections are observed regularly in cellular material mesostructure and other classes of materials because of the stochastic influence of feasible processing paths. The robust topology design method allows us to consider these imperfections explicitly in a materials design process. As part of the method, guidelines are established for modeling dimensional and topological imperfections, such as tolerances and cracked cell walls, as deviations from intended material structure. Also, as part of the method, * Corresponding Author. Email: ccseepersad@mail.utexas.edu. Phone: (512) 471-1985. Fax: (512) Standard deviation of elastic constant values due to topological imperfections
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FRAME OF REFERENCE
The properties of materials are influenced by complex relationships with multi-scale material structure and associated processing paths. Process-structure-property relationships are often cast in terms of microstructural aspects of the material, including the arrangement of phases, grains, and defects such as vacancies, dislocations, or cracks, but it is also important to investigate other length scales. Larger mesostructural length scales, 1 for example, are characteristic of the prismatic cellular materials illustrated in Figure 1 and may take the form of cell dimensions, shape, and arrangement and cell wall dimensions and connectivity-features that strongly influence a wide range of desirable properties of these materials.
[INSERT FIGURE 1.] Typically, the properties of cellular materials are designed by selecting a cellular topology from a small set of standard topologies (e.g., square, triangular, hexagonal) and then adjusting its relative density by modifying the cell wall thickness. Topology changes have a strong impact on cellular material properties, but the small library of standard topologies limits our ability to reach some regions of a property space, as illustrated in Figure 2 for in-plane, effective elastic 1 Mesoscopic length scales (on the order of tens to hundreds of micrometers in this research) are intermediate between microscopic length scales, which apply to characteristics like gradients of chemical composition and microstructure (e.g., grain boundaries, dislocations, crystal structure), and macroscopic length scales, much greater than the characteristic lengths of heterogeneities, at which homogeneous continuum models are valid. Seepersad et al compressive and shear stiffnesses of several periodic cell structures. 2 Using topology design techniques, we can generate new cellular topologies with customized properties that are unattainable with standard cellular topologies. Topology design facilitates modifying the form of the cellular mesostructure-the size, shape, and connectivity of cell walls and the number, shape, and arrangement of cell openings-rather than specifying these features a priori (cf. [1] [2] [3] for recent reviews of topology optimization and [4] for seminal work in modern topology optimization methods). Topology optimization methods have been applied for designing oneand two-phase materials with customized elastic and thermoelastic properties [5] [6] [7] [8] and for designing cellular mesostructures for effective elastic moduli and conductivity [9, 10] .
[ INSERT FIGURE 2.] To date, design methods for cellular materials have been focused on identifying the optimal density, dimensions, or topology of a cellular material. However, optimal solutions are elusive for real materials with highly heterogeneous structures and morphologies that are limited and stochastically influenced by feasible processing paths. For example, the prismatic periodic cellular materials illustrated in Figure 1 are fabricated using a thermo-chemical extrusion process developed by the Lightweight Structures Group at the Georgia Institute of Technology [11] . The process affords significant freedom for tailoring in-plane topology with a few limitations on minimum cell wall thickness (minimum of 50 micrometers), cell wall aspect ratios (maximum of 8:1), and relative density (maximum of approximately 30%). It also introduces imperfections in the cellular mesostructure. Topological imperfections are associated with unintended variations in cellular connectivity, such as cracked cell walls and missing cell wall joints. Dimensional imperfections are associated with unintended variations in cellular dimensions such as tolerances 2 The plots in Figure 2 assume relative densities of 20% and doubly periodic structures. E 11 /E s , E 22 /E s represent effective elastic stiffness for uniaxial loading in the in-plane principal directions. G 12 /E s is the effective elastic shear stiffness in the in-plane transverse direction. on cell wall thickness. Other variations include shape imperfections such as curved or corrugated cell walls, and material property imperfections such as porosity or retained oxides.
Porosity, shape variation, and missing cell walls have been shown to degrade properties such as elastic moduli and compressive yield strength [12] [13] [14] , and the impact varies with cell topology.
We need robust topology design methods for identifying cellular topologies and dimensions with customized properties that are relatively insensitive to processing-induced imperfections.
The sensitivity of optimal topology to changes in prescribed loads has been investigated by considering multiple loads (e.g., [15, 16] ), average performance under multiple loads [17] , reliability [18] [19] [20] , or worst-case loads among a set of possible loads [21] [22] [23] , and Sandgren and Cameron [24] have considered the feasibility robustness of constraints with variations in loading and material properties. However, these examples are representative of design for mean performance or fail-safe or worst-case design, in which a structure is designed explicitly for worst-case loading, rather than robust design, in which tradeoffs are sought between preferable nominal performance values and minimal sensitivity of performance to uncontrolled variation.
Furthermore, variations in the topological structure itself, such as dimensional or topological imperfections, have not been considered, partially because topology design was originally focused on full-scale structures rather than materials. Similarly, robust design methods have been established for improving the quality of products and processes by reducing their sensitivity to variation [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] , but they have been developed and demonstrated for applications with fixed topology.
Our goal is to establish systematic design methods for tailoring material mesostructure to provide robust properties for specific applications at higher length scales. In previous work, we have presented a robust topology design method for designing material mesostructures with Seepersad et al properties that are robust to dimensional tolerances of the cell walls [10] . Here, we extend the method to accommodate topological imperfections such as cracked cell walls and missing joints and explore tradeoffs between dimensional and topological robustness.
A METHOD FOR ROBUST TOPOLOGY DESIGN OF CUSTOMIZED CELLULAR MESOSTRUCTURE
Suppose that a large-scale load-bearing system requires lightweight cellular materials with properties that are near the region of opportunity identified in Figure 2 and relatively robust or insensitive to dimensional and topological imperfections. To meet these requirements, a method is needed for designing novel cellular mesostructures-including the spatial arrangement, connectivity, and dimensions of cells and cell walls-that provide robust, customized properties.
The robust topology design method outlined in Figure 3 has been devised for this purpose [35] .
As described in Section 2.1, the first step in the method is to establish a robust topology design space by representing the design space of possible topologies, characterizing dimensional and topological imperfections or noise factors, and identifying an accompanying set of design parameters. After the design space is composed, a mathematical model is formulated for the multiobjective decision to be solved, as described in Section 2.2. Then, as described in Section 2.3, a simulation infrastructure is created for evaluating the properties of alternative cellular mesostructures. Finally, as discussed in Section 2.4, the robust topology design problem is solved using optimization procedures to identify preferred alternatives efficiently, and the results are validated.
[INSERT FIGURE 3.] Seepersad et al
Phase I: Formulate a Robust Topology Design Space
The first phase of the robust topology design method involves constructing a design space for representing the cellular mesostructure, modifying it for properties of interest, and modeling associated dimensional and topological imperfections. The design space for robust design of doubly periodic 2D cellular mesostructures is represented by the set of design parameters summarized in Table 1 and described in this section.
[INSERT TABLE 1.]
Properties of Interest
As listed in Table 1 , the properties of interest include a constraint on the volume fraction, v f , of solid cell wall material and targets for the elastic constants, C ij . The elastic constants are components of the tensor of elastic constants, C, that describes the macroscopic behavior of the material in response to applied stress according to the constitutive equation for a homogeneous, linearly elastic material [36] :
A cellular material with three mutually orthogonal planes of symmetry is orthotropic. When two of the principal axes of the orthotropic cellular material are aligned with planes of symmetry and a state of plane strain is assumed parallel to the plane of the axes, the constitutive law can be expressed in 2D as [36] : 11  1  11  12  1   22  2  12  22  2   12  3  33  3 0 0 0 0
where C ij represents the four independent elastic constants. For cellular materials, the constants are 'effective' elastic constants because they are measured as a fraction of the corresponding properties for a fully dense piece of material. For this example, the independent elastic constants are related to the effective elastic compressive stiffness in the in-plane principal directions and the effective elastic shear stiffness in the in-plane transverse direction, as plotted in Figure 2 , as follows:
In addition to the nominal values of the independent elastic constants, the properties of interest for this example include the mean value of each elastic constant, μ Cij , the range of values for each elastic constant due to dimensional imperfections, ij C Δ , and the standard deviation of each elastic constant due to topological imperfections, Cij σ . Models for each of these properties are described in Section 2.3.
Topology Representation and Modification of a Doubly Periodic Cellular Mesostructure with a Ground Structure
To establish the topology design domain, we assume that the 2D cellular mesostructure is doubly periodic in a basic unit cell (i.e., the smallest repetitive unit of the cellular mesostructure), as illustrated in Figure 4 . To customize the properties of interest, the topology of a unit cell is represented and modified using a discrete topology design approach based on ground structures Seepersad et al (cf. [2, 37, 38] for relevant reviews and [39] for an introduction). As shown in Figure 4B , the topology design space for a single unit cell is modeled as a ground structure, consisting of a grid of regularly spaced nodes that are connected with frame finite elements with six degrees of freedom (cf. [40] ). 3 Doubly periodic boundary conditions are applied to the unit cell to simulate the effect of replication of the unit cell in both 2D principal directions. In the ground structure of Figure 4B , the unit cell is divided into four quadrants by two planes of symmetry that are aligned with the vertical and horizontal principal axes of orthotropy. Within each quadrant, every pair of nodes is connected with a frame finite element. The entire ground structure in Figure 4B has 25 nodes and 132 finite elements, and it is assumed to occupy a square domain with an area of 1 cm 2 . 4 The ground structure in Figure 4B is chosen because it is sufficiently dense to include candidate topologies that satisfy targets for nominal elastic constants for this example; whereas coarser ground structures may restrict the topology design space too much. Because topology design results can depend on the initial ground structure, we consider a more complex, 81-node ground structure, as illustrated in Figure 5B , for validation and comparison with results from the coarser ground structure in Figures 5A and 4B.
[ INSERT FIGURE 4.] [ INSERT FIGURE 5.] In the ground structure, a design variable, X i , is assigned to the in-plane thickness of each finite element 5 in a single quadrant of the ground structure. 6 Consistent with the ground structure approach, the design variables vary between an upper bound, X U , on the order of 1000 Seepersad et al um and a lower bound, X L , with an extremely small but positive magnitude on the order of 0.01 μm. After the optimization algorithm converges, the elements have different in-plane thicknesses, as depicted in Figure 4C with lines proportional to the thicknesses. As shown in Figure 4D , elements with in-plane thicknesses near the lower bound typically are removed in a post-processing step and are not depicted in the final design. Finally, a doubly periodic cellular mesostructure may be depicted by repetition of the designed unit cell, as shown in Figure 4E .
Characterizing Dimensional and Topological Variation
As noted in Section 1, a realized (as-fabricated) cellular mesostructure is likely to differ stochastically from an intended (as-designed) cellular mesostructure due to processing-induced imperfections. In this work, we consider two types of imperfections: dimensional variation in the in-plane thickness of each cell wall and topological imperfections in the form of missing cell walls or joints. (specifically, in this example, 0.01 μm < e X < 1000 μm). 7 Since the model is a function of cell wall thickness, it is scale-dependent-a feature that impacts the results presented in Section 3.
[INSERT FIGURE 6] Topological imperfections are modeled as the probability that a joint is missing from the realized (or fabricated) mesostructure, as illustrated by example in Figure 6 . Since each joint in the mesostructure corresponds to a node in the ground structure, the topological variation is modeled as the probability, γ i , that any specific node, R i , in a ground structure is missing or randomly defective in a realized mesostructure:
where R D is the set of nodes in the initial ground structure, and R M is the set of missing nodes.
Although a single unit cell is adequate for evaluating the elastic constants of undamaged mesostructures or mesostructures with uniform dimensional imperfections, a larger design domain is desirable for evaluating the impact of topological imperfections. The design domain-also known as a statistical volume element (SVE) or window size-for analyzing topological imperfections consists of nine identical unit cells, arranged in a 3x3 matrix. If topological imperfections were analyzed with an SVE of a single unit cell, then any random topological imperfection in the parent unit cell would be assumed to repeat periodically in all of the surrounding unit cells in the mesostructure. By using a larger SVE for analyzing topological imperfections, this assumption is relaxed, and a less periodic and more realistic distribution of imperfections is permitted. 7 To preserve and enhance the effectiveness of gradient-based optimization algorithms for solving a robust topology design problem, the variation model in Equation (6) is extrapolated beyond the manufacturable range of cell wall thicknesses, [X MinMfg , X U ], to the bounds established for the topology design process, [X L , X U ], with X L assumed to be arbitrarily small (i.e., 0 < X L < X U ). Seepersad et al Each node in the SVE is assigned equal probability, γ i , and only one node is assumed to be missing at a time although it is possible to consider two or more simultaneously missing nodes.
It is also possible to model similar probabilities for missing individual elements or cell walls, but only nodes and joints are considered here.
Phase II: Formulate a Robust Topology Design Problem
After the design space is defined in Phase I, the robust topology design problem is formulated in Phase II as a compromise Decision Support Problem-a mathematical model of the multiobjective decision to be solved [41] . The compromise Decision Support Problem (DSP) is a hybrid multiobjective construct that incorporates concepts from both traditional mathematical programming and goal programming [41] . It is used to determine the values of design variables that satisfy a set of constraints and bounds and achieve a set of conflicting, multifunctional goals as closely as possible. The system descriptors, namely, system and deviation variables, system constraints, system goals, bounds and the objective function are described in detail elsewhere [41] . Here, we apply it for robust design of periodic 2D cellular mesostructure. We use the compromise DSP, instead of the deterministic, single-objective, nonlinear programming formulations that are typically used for topology design, because the compromise DSP has several features that facilitate robust topology design. Those features include the capability of accommodating uncontrolled variation in design variables, constraints, and goals and the capability of balancing the multiple objectives associated with meeting targets for multiple material properties and simultaneously minimizing variation in each of those properties.
The compromise DSP is presented in Figure 7 for the present example and its associated design parameters (Table 1) . Accordingly, the design variables are the in-plane thickness, X, of Seepersad et al each element in the ground structure. An upper bound, X U , and a lower bound, X L are placed on each design variable in Equation (12) , and a maximum limit, v f-limit , is placed on the volume fraction, v f , in Equation (8) . The constraint limits, design variable bounds, and other constants are summarized in Table 2 for two examples that are described in Section 3.
[INSERT FIGURE 7] [INSERT TABLE 2.] The goals are formulated in Equations (9) through (11) in the compromise DSP and include meeting targets for the mean value of each elastic constant, μ Cij , and minimizing the variation in elastic constant values due to dimensional variation, ΔC ij , and topological variation, σ Cij .
Separate goals are included for elastic constant variation due to dimensional and topological imperfections so that the impact of the two types of imperfections can be assessed and minimized separately. As in goal programming [42] , the goals are formulated in terms of Equations (9) and (13) .
The objective function is expressed as a linear, weighted combination of the deviation variables for each goal, as formulated in Equations (14), (15) , and (16) for non-robust design, robust design with dimensional variation, and robust design with dimensional and topological variation, respectively. Depending on the scenario, one of the objective functions is selected and minimized with the aid of an optimization algorithm. During the solution process, the focus is on identifying values for element thicknesses that satisfy the design variable bounds and constraints and achieve the chosen set of goals as closely as possible, as measured by the objective function value. Both weights and goal target values can be adjusted to generate families of solutions that embody a variety of tradeoffs between nominal performance and robustness to dimensional and/or topological imperfections.
Phase III: Establish a Simulation Infrastructure for Solving the Robust Topology Design Problem
After a robust topology design problem is formulated as a compromise DSP, a simulation infrastructure is established in Phase III of the robust topology design method. The simulation infrastructure includes models for evaluating the nominal elastic constant values and models for evaluating the variation in elastic constant values due to dimensional and topological imperfections.
Analysis Models for Evaluating Elastic Constants
The analysis model for this example is a finite element-based homogenization approach that is used to obtain the macroscopic (continuum) constitutive properties of the material, expressed as the elastic constants in Equation (2), in terms of its doubly periodic cellular mesostructure.
The approach is similar to that utilized by Sigmund [5, 6] and Neves and coauthors [43] . The homogenization approach is applied to a representative volume element (RVE) that statistically represents the mesoscopic heterogeneities of the material. In this case, the RVE is a periodically repeating unit cell of the 2D cellular material, as illustrated in Figure 4 . If the RVE or unit cell is represented in Equation (2) 
where [C] is the local tensor of elastic constants at each point in the mesostructure, A u is the area of the unit cell, { } ε is the local strain in the mesostructure, and { } { } { } 0 δε ε ε = − is the local strain perturbation from uniform test strain at each point in the mesostructure [44] . By subjecting the unit cell to each of three uniform test strain fields, corresponding to {ε 0 } 1 = {1,0,0}, {ε 0 } 2 = {0,1,0}, and {ε 0 } 3 = {0,0,1}, all the elements of [C H ] can be calculated. To facilitate evaluation of the right side of Equation (17) for complex mesoscopic topologies, the unit cell is discretized into frame finite elements according to the ground structure shown in Figure 4B , and the induced strain is calculated using standard finite element equations and boundary information pertaining to each of these uniform strain fields via 
where {d e } is the vector of displacements and rotations associated with frame element e and [k e ] is the stiffness matrix for element e. The stiffness matrix for a frame element may be obtained from standard finite element textbooks [40] . The average strain energy integrated over the mesostructure volume can be approximated based on finite element results, i.e.,
Making use of the property of unit applied test strains with Equations (17)- (20) , the homogenized elastic constants can be calculated based on finite element results, i.e.,
where {d e i } is the vector of displacements associated with element e due to induced strain field {ε 0 } i . To obtain these displacement vectors, the ground structure finite element model is subjected to each of the three test strains discussed previously, and periodic boundary conditions are applied to the unit cell to simulate the periodic nature of the cellular material (cf. [46] ).
Finally, it is important to calculate the remaining response in the compromise DSP-the portion of a unit cell occupied by solid material. The volume fraction can be calculated as
where A U is the area of the entire unit cell domain, e X is the nominal in-plane thickness of element e, and L e is the length of element e. The results of Equation (22) are used in Equation (8) in the compromise DSP of Figure 7 .
The accuracy of the frame finite element model for simulating the mean values of elastic constants for cellular materials has been confirmed by comparing results calculated with the finite element model with theoretical results reported by Hayes and coauthors [47] for standard unit cell topologies. The results agree with an error of less than 7% for the elastic constants, C 11
and C 22 , for standard mixed triangular and square cell topologies 8 [35] .
Variability Assessment Models for Evaluating the Impact of Dimensional and Topological Imperfections
The simulation infrastructure includes not only analysis models but also variability assessment models for evaluating the impact of dimensional and topological imperfections on elastic constant values. Specifically, the parameters in Equations (17)- (22) To evaluate Equation (24), the partial derivative of an elastic constant is calculated for unit cell boundary conditions and constant prescribed displacements: analysis. Furthermore, the Taylor series analysis is efficient because the partial derivative required for Equation (24) is already calculated analytically as input for the gradient-based optimization algorithm. The accuracy of the Taylor series-based model has been verified by comparison with a worst-case analysis, with errors of less than 3% [35] .
The impact of topological imperfections on cellular material properties is evaluated with a series of experiments to simulate missing nodes. As discussed in Section 2.1.3, we assume that 9 The Taylor series approach is also known as worst-case analysis, a term introduced by Parkinson and coauthors [28] , because fluctuations are assumed to occur simultaneously in a worst-case combination. It is most accurate for small tolerances and weak or negligible interactions among the factors that fluctuate, and it is based on the assumption that tolerance ranges, rather than statistical distributions, are assigned to relevant factors. Seepersad et al any individual node, R i , in the initial ground structure is available for inclusion in the designed mesostructure, but may be missing randomly from the realized mesostructure with a small probability, γ i . Also, we utilize an SVE of 9 unit cells for evaluating the impact of topological , ,...,
then a sample space, S j , can be defined of possible combinations, R j , of D nodes, selected j at a time:
For the present case, there are 25 nodes in the initial ground structure for a single unit cell, as illustrated in Figure 4B , and 169 nodes in the initial ground structure for the SVE. If we assume that any single node may be missing randomly from the initial ground structure for the SVE, j may be less than D by a magnitude of one (i.e., j=168). Therefore, the sample space of nodes, 
where R 1 is the first node, R 2 is the second node, and so on. Therefore, a total of V=170 experiments are conducted to simulate topological variation in the initial ground structure of the SVE (i.e., 169 experiments for missing nodes and 1 for the intact ground structure). In the present case, the orthotropic and periodic properties of the SVE can be used to reduce the number of experiments. 10 In the first experiment, the effective elastic properties of the intact ground 10 Orthotropic symmetry implies that modifications in the designed quadrant are mirrored immediately to the other three quadrants during the topology design process. Therefore, removing a node in one quadrant is equivalent, in its effect on material properties, of removing any of its three symmetric nodes. Similarly, periodicity implies that each unit cell in the SVE is identical in the designed mesostructure. If only one node is removed from the SVE at a time, removing a node from one unit cell in the SVE is equivalent, in its effect on material properties, of removing the same node from any other unit cell. structure of the SVE are evaluated with the finite element model described in Section 2.3.1. In the second experiment, the first node is removed from the ground structure of the SVE, and all of the elements attached to the node are removed from the finite element model. For the third experiment, the first node and its corresponding elements are replaced; the second node and its corresponding elements are removed; and so on until all of the experiments are completed.
Effective elastic properties are calculated for each modified SVE ground structure with the finite element model described in Section 2.3.1, modified appropriately for the missing node and elements. Doubly periodic boundary conditions are applied to the SVE for the analysis. Accordingly, it is assumed that the imperfections that appear in a single SVE are repeated periodically in the surrounding SVEs.
Based on the experimental data, the standard deviation of an elastic constant is calculated as follows:
where X v is the vector of design variables for permutation or Experiment v, 11 and γ v is the probability associated with Experiment v. We maintain two separate measures of elastic constant variation-σ Cij and ij C Δ -so that tradeoffs can be explored between nominal elastic constant values and robustness to dimensional and topological variation independently. Equation (29) is used in Equation (11) in the compromise DSP of Figure 7 and completes the formulation of the variability assessment model and simulation infrastructure. 11 The vector of design variables changes for each experiment because a different node is removed in each experiment along with the elements that are connected to it. Seepersad et al
Solve the Robust Topology Design Problem
In Phase IV, the compromise DSP is solved using the simulation infrastructure and the
Method of Moving Asymptotes (MMA) algorithm [48]-a gradient-based nonlinear
programming algorithm. The resulting unit cell design is post-processed as described in Section 2.1.2 and validated with several techniques described in [35] . Further details of the solution process are provided in [35] .
The formulation of the robust topology design method is now complete. In the following section, we present the results from two example applications of the method.
EXAMPLES OF CUSTOMIZED, ROBUST CELLULAR MESOSTRUCTURES
To demonstrate the effectiveness of the robust topology design method, we apply it for two cases of periodic 2D cellular mesostructure design:
(1) A preliminary case with targeted effective elastic compressive stiffness in both principal directions, with corresponding elastic constants, C 11 and C 22 . The goal target values and other parameters are listed in the last column of Table 2. (2) A primary case with targeted effective elastic compressive stiffness in both principal directions and targeted effective elastic shear stiffness. The corresponding elastic constants are C 11 , C 22 , and C 33 . The goal target values and other parameters are listed in the first column of Table 2 and are intended to address the region of opportunity identified in Figure 2 . 12 For the preliminary case, we already know that the optimal topology is a square cell with orthogonal walls aligned with the principal directions. Because we know the optimal solution, it is a useful case for verifying the effectiveness of the robust topology design method for generating periodic 2D cellular mesostructures with specific properties and for distinguishing 12 Note the relationship between C 33 and G 12 recorded in Equation (5). Seepersad et al between robust and nonrobust solutions. The primary example is intended to demonstrate that the robust topology design method is effective for generating periodic 2D cellular mesostructures with customized properties that cannot be obtained with standard cellular topologies and for identifying robust and non-robust variants of the topology.
Cellular Mesostructures with Dimensional Robustness
We begin by designing cellular mesostructures that achieve target values for elastic constants as closely as possible with minimum sensitivity to dimensional variation. The dimensionally robust designs are obtained by solving the compromise DSP in Figure 7 with Equation (15) as the objective function, the 5x5 node ground structure in Figure 4B , and the design parameter values recorded in Table 2 . The goals in Equation (15) Tables 3 and 4 . For non-robust designs the ranges of elastic constant values, ΔC ij , associated with dimensional variation are calculated and reported for comparison purposes, even 13 Recall that the unit cells have orthotropic symmetry; therefore, only one quadrant of cell wall dimensions is labeled for each unit cell.
though they are not considered in the objective function during the non-robust design process.
All of the designs reported in this section have a 20% volume fraction, v f , of solid cell wall material.
[INSERT Although each design has a 20% volume fraction of solid material, the connectivity and configuration of the cell walls and the number of voids per unit area are different for each design.
For the preliminary case, the observed rectangular grid patterns in Table 3 are expected outcomes because they maximize effective elastic stiffness in the principal in-plane directionsthe two components of the constitutive tensor targeted in this example. However, the rectangular cell designs of Table 3 have very poor effective elastic shear stiffness. When effective elastic shear stiffness is considered for the primary case, diagonal elements are present in the final topology (as illustrated in Table 4 ) to increase the shear stiffness of the design. It is interesting to observe that the cell topologies for the primary case (Table 4) are significantly different from any of the standard cell topologies discussed in the literature for prismatic cellular materials (e.g., square, triangular, hexagonal, kagome, etc.; cf. [47] ). A novel cellular topology is expected for this example because the standard cell topologies cannot meet the combination of effective elastic stiffness targets specified for this material. This is an example of materials design in which material structure is tailored to achieve a desired set of properties that are unattainable with available material assets.
A comparison of the robust and non-robust topologies for each example yields important insights into the effectiveness of the robust topology design method. For each example, the Seepersad et al robust and non-robust topologies have similar mean elastic constants, μ Cij , but the range of elastic constant values induced by cell wall tolerances, ΔC ij , is up to 40% higher for non-robust designs. This disparity provides evidence for the relative insensitivity of robust design performance to control factor variation as well as the effectiveness of the robust topology design method in generating relatively robust topologies. The fact that robust and non-robust designs for each case exhibit similar mean elastic constant values indicates that the designs represent alternative local minima to the materials design problem posed in Figure 7 . In fact, by adjusting weights, starting points, and other convergence parameters for the non-robust designs, it is possible to obtain additional topologically distinct local minima, as reported in [35] .
Dimensional robustness introduces scale-related effects because of the scale-dependent tolerance function in Equation (6) . In Tables 3 and 4 , the phenomenon is embodied in robust designs that have simpler topologies with fewer elements and voids per unit cell, on average, than the non-robust, standard topologies. The robustness of a cellular structure with respect to cell wall tolerances is largely a function of the number of cell walls per unit area in the mesostructure. In many cases, as with the rectangular grid designs in Table 3 , it is possible to achieve identical or nearly identical nominal performance with either large numbers of thin cell walls (i.e., small-scale topology) or small numbers of relatively thick cell walls (i.e., large-scale topology). The latter category of designs yields lower overall performance variation if the ratio of tolerances to nominal cell wall thickness decreases with increasing thickness. However, if tolerances were strictly proportional to thicknesses, then the induced performance variation would be equivalent for the two designs in Table 3 and other similar designs. However, in most cases, tolerances are not necessarily proportional to nominal dimensions; instead, they may be decreasing as a percentage of the nominal dimension as it increases. This is especially true when tolerances are more difficult to maintain for smaller dimensions, as in this example. This behavior is embodied in the tolerance function in Equation (6), which is increasing and concave
in nominal values of cell wall thickness so that the ratio of tolerances to nominal thickness is monotonically decreasing over the region of interest.
Cellular Mesostructures with Dimensional and Topological Robustness
Next, we design cellular mesostructures that achieve target values for elastic constants as closely as possible with minimum sensitivity to dimensional and topological variation. The dimensionally and topologically robust designs are obtained by solving the compromise DSP in Figure 7 with Equation (16) For both the preliminary and the primary cases, the designs in each table are variations of a similar underlying pattern. In Table 5 , the primary geometric difference between the designs is that they accomplish the same elastic constant goals with different numbers of elements-i.e., a few thick orthogonal elements, a large number of thinner orthogonal elements, or something in between. Similarly, the designs in Table 6 are variations of an underlying diamond pattern, with additional redundant elements incorporated in the more complex topologies. The mean values of elastic constants are nearly identical for all of the designs in Table 5 and similar for the designs in Table 6 . This fact implies that the designs represent multiple local minima-alternative topologies with different scales but similar on-target performance-for the topology design problem.
Significant differences between the designs are observed in the associated elastic constant ranges and standard deviations. Local minima with an abundance of thinner elements impose higher elastic constant ranges, ΔC ij , relative to more efficient designs with fewer thicker elements because dimensional tolerances tend to be relatively high (as a percentage of element thickness)
for thinner elements. Therefore, the impact of tolerances on elastic constant ranges increases with the number of elements per unit cell area in a final topology, and simple topologies are preferred for robust design for dimensional variation. This is reflected in the elastic constant ranges, which are smaller for simpler topologies with fewer elements and voids for a given domain.
A different trend is observed when one considers topological noise and its impact on elastic constant variation, namely, the standard deviations of elastic constant values, σ Cij , reported in the tables. In this case, the simpler topologies have much higher standard deviations than the more complex topologies. This conclusion is intuitively related to the mechanics of the problem.
When experiments are conducted to simulate the impact of topological defects on elastic constants, the possibility is considered of missing each node in turn, and standard deviations are derived from the resulting experimental values of elastic constants. In relatively simple topologies such as the dimensionally robust topologies in the left columns of Tables 5 and 6 , only a few elements are available for providing stiffness or carrying structural loads. If one or more of the elements fail, there are few 'back-up' elements to provide some measure of stiffness.
In more complex topologies such as the non-robust designs in the right columns of Tables 5 and Seepersad et al 6, there are many more elements. The failure of any single element or node has a much smaller impact on the stiffness of the overall structure. In fact, this effect is so strong that if dimensional variation were not considered, the non-robust topologies in Tables 5 and 6 would be the dominant designs, offering on-target nominal performance and minimal deviation due to topological noise.
From the designs in Tables 5 and 6 , we observe a tradeoff between robustness to topological noise and robustness to dimensional variation, with designs performing well with respect to one criterion performing poorly with respect to the other. It is possible to discern a family of designs, embodying tradeoffs between robustness to dimensional variation and robustness to topological variation. If relatively large weight is placed on the impact of dimensional variation, the left-most design is preferred in each table. Conversely, if relatively large weight is placed on the impact of topological variation, the preferred design is the right-most design. Tables 5 and 6 . Visually, it is noticeable that the sensitivity to topological variation of the dimensionally and topologically robust designs (in the middle columns) is reduced by introducing additional, redundant elements.
These additional elements reduce the impact of random removal of a node or element on elastic constant values.
Impact of the Initial Design Space on Final Designs
Both the density of the initial ground structure (i.e., number of nodes and elements) and the number of unit cells considered during the design process can have a significant impact on the topological nature and associated properties of the designed cellular mesostructures. To Seepersad et al investigate the impact of the density of the initial ground structure, we compared results from the 5x5 node initial ground structure with those from a denser 9x9 node initial ground structure, illustrated in Figure 5 . For both the preliminary and primary design cases, we found that the dimensionally robust designs remained topologically consistent for larger ground structures, confirming that the 5x5 node initial ground structure is dense enough to support cellular mesostructures with the targeted nominal elastic properties (i.e., μ Cij ) [35] . We observed that topologically robust designs become more complex with increasing ground structure density; they tend to incorporate as many redundant, 'back-up' elements as allowed by the initial ground structure, in order to minimize the impact of potential topological imperfections. Dimensional robustness and manufacturability tend to decline with increasing topological complexity; therefore, for manufacturability or other purposes, a designer may wish to limit the initial ground structure density to the minimum density required for supporting designs with targeted nominal properties.
The number of unit cells in the initial design domain-also known as the statistical volume element (SVE) or window size-impacts our ability to design for randomly distributed topological imperfections. The implication of SVE size is that defects are assumed to be periodically repeated in each of the surrounding SVEs in the material. In this case, the statistical volume element (SVE) for analyzing topological imperfections is assumed to be a 3x3 matrix of 9 unit cells. By adopting SVEs that are larger than the unit cell, we consider defects that are more randomly distributed throughout the material. Larger SVEs (cf. [12] ) would enable us to consider less periodic distributions of topological defects and their impact on designed mesostructures, but it would increase the computational complexity of the robust topology design process.
CLOSURE
In this paper, the mesostructures of periodic 2D cellular materials are designed with customized structural elastic properties that are robust to dimensional variations and topological imperfections such as missing cell walls or joints. For the examples in Section 3, three categories of cellular mesostructures are generated: (1) designs with structural elastic properties that are robust to dimensional and topological variation, (2) designs with structural elastic properties that are robust to dimensional variation only, and (3) benchmark non-robust designs for which variation is not considered. When the robust designs are compared with benchmark, non-robust topology designs, the effectiveness of the robust topology design methods is evident in both the performance and the structure of the resulting designs. Dimensionally robust topology designs tend to have nearly identical levels of nominal performance, much lower levels of performance variation, and much simpler topologies than their non-robust counterparts. The simpler topologies reduce the build-up of tolerance effects on performance variation, and they also tend to be easier to manufacture. On the other hand, the more complex, non-robust topologies tend to be less sensitive to topological variation because element removal has a smaller impact on a complex topology with large numbers of redundant elements. When both dimensional and topological variation are considered, the robust topology design method yields topologies that offer a compromise between the simpler topologies with superior robustness to dimensional variation and the more complex, non-robust topologies with low levels of robustness to dimensional variation and higher levels of robustness to topological noise.
The periodic 2D cellular mesostructures are designed with the robust topology design method presented in this paper. Its effectiveness stems from four constituent phases that have been devised to address many of the challenges of integrating robust design, topology design, and Seepersad et al multiobjective decision support techniques for materials design applications. In the first phase, topological and dimensional variation are modeled, respectively, as sets of potential permutations or subsets of an intact ground structure and as tolerance ranges with special characteristics that make them suitable for robust topology design. In the second phase, the robust topology design problem is formulated as a compromise DSP, a flexible decision model that facilitates exploration of families of solutions that embody a spectrum of tradeoffs between nominal performance and robustness to topological and dimensional imperfections. In the third phase, the impact of dimensional and topological variation is assessed via Taylor series-based techniques and strategic experiments in potential topological permutations, respectively. Finally, in the fourth phase, robust topology design problems are solved with gradient-based optimization algorithms, and the results are validated.
The method has potential to be used in industrial applications. Customized mesostructures provide lightweight multifunctionality for ultralight load-bearing combined with energy absorption, heat transfer, and other properties. It is possible to fabricate parts and materials with these customized mesostructures using additive fabrication techniques, such as selective laser sintering, in addition to the thermo-chemical extrusion process discussed in this paper. The method facilitates mesostructure design for specific industrial applications, with minimal sensitivity to the lack of reproducibility often associated with these fabrication techniques. The method may be extended to address non-structural performance criteria and non-periodic, functionally-graded topology for these industrial applications.
The method and example also have important materials design implications. Although imperfections are known to impact the performance of cellular materials significantly, no work has been done on designing the material mesostructure to minimize their impact on overall Seepersad et al structural performance. The robust topology design method has been shown to be effective not only for minimizing the sensitivity of material mesostructures to dimensional and topological variation but also for adjusting the complexity or simplicity of the resulting topologies. This feature is useful for customizing materials for applications such as catalysis that require complex structures or for considerations such as manufacturability that require simplicity. Furthermore, in this example, we use the robust topology design method to identify a new standard cellular topology that meets requirements that are beyond the scope of other standard cellular topologies, as illustrated in Figure 2 . The method can be used to design additional cellular topologies for specific requirements, including robustness considerations. Furthermore, due to the multiobjective nature of the underlying decision support, the method facilitates the search for compromise solutions rather than solutions that are predominantly single objective in nature. In summary, the method is representative of a systematic approach to materials design that is requirements-driven, exploratory, structured, and focused on the robust design of products and materials that are relatively insensitive to commonly encountered variations and imperfections. Figure 7 . Table 3 . Robust vs. non-robust periodic cellular mesostructure for effective stiffness in both principal directions (C 11 and C 22 ), considering dimensional variation only. Table 4 . Robust vs. non-robust periodic cellular mesostructure for effective stiffness in both principal directions (C 11 , C 22 ) and in shear (C 33 ), considering dimensional variation only. Table 5 . Robust vs. non-robust periodic cellular mesostructure for effective stiffness in both principal directions, considering topological and dimensional variation. Example-Specific, Noted in Section 3 Seepersad et al Table 3 Robust Table 4 Robust 
